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Abstract 

The r-KdV-CH hierarchy is a generalization of the Korteweg-de Vries 
and Camassa-Holm hierarchies parametrized by r + 1 constants. In this 
paper we clarify some properties of its multi-Hamiltonian structures, prove 
the semisimplicity of the associated bihamiltonian structures and the for- 
mula for their central invariants. By introducing a class of generalized 
Hamiltonian structures, we give in a natural way the transformation for- 
mulae of the Hamiltonian structures of the hierarchy under certain recip- 
rocal transformation, and prove the formulae at the level of its disper- 
sionless limit. We also consider relations of the associated bihamiltonian 
structures to Frobenius manifolds. 
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1 Introduction 

In recent years progress has been made in the study of the problem of classifi- 
cation of bihamiltonian structures of certain type, the associated bihamiltonian 
integrable hierarchies include in particular the well known Korteweg-de Vries 
(KdV) hierarchy, the Camassa-Holm (CH) hierarchy, the Drinfeld-Sokolov hier- 
archies and so on [H [EH HH H3 HH ■ For a given bihamiltonian structure 
defined on the formal loop space of an n-dimcnsional manifold M, a complete 
set of its invariants under the so called Miura-type transformations is obtained 
in [T5j HH] , this set consists of a flat pencil of metrics on the manifold M and 
n functions of one variable, these functions are called the central invariants 
of the bihamiltonian structure. These invariants enable one to have a better 
understanding of the bihamiltonian structures and the associated integrable 
hierarchies. For most of the well known bihamiltonian integrable hierarchies 
including the Drinfeld-Sokolov hierarchies associated to untwisted affinc Lie al- 
gebras, the flat pencil of metrics are given by certain Frobenius manifold struc- 
tures, and the central invariants are constants. In particular, for the bihamilto- 
nian structures of the Drinfeld-Sokolov hierarchies associated to the untwisted 
affine Lie algebras of A-D-E type, the central invariants are all equal to ^ if 
one choose the invariant bilinear form of the Lie algebra to be the normalized 
one. This property is one of the most important characteristics of the inte- 
grable hierarchies that arise in 2d topological field theory and Gromov-Witten 
invariants [HI H31 El US [13 [13 ES] . 

On the other hand, up to our knowledge the only known bihamiltonian in- 
tegrable hierarchies with non-constant central invariants are special cases of the 
so called r-KdV-CH hierarchy (see its definition given in the next section) . This 
hierarchy is a generalization of the KdV hierarchy parameterized by an ordered 
set of r + 1 constants V = (ao, eti, • ■ ■ , a r ). Apart from the KdV hierarchy, it 
contains many other important integrable hierarchies as particular examples, 
such as the the CH hierarchy, the AKNS hierarchy and the two-component 
Camassa-Holm (2-CH) hierarchy. In these cases the corresponding parameters 
are given by 



KdV : 


r = l, V = 


(1,0), 


CH : 


r = l, V = 


(0,1), 


AKNS : 


r = 2, V = 


(1,0,0), 


2-CH : 


r = 2, V = 


(0,0,1). 



The central invariants of the bihamiltonian structures of the KdV hierarchy 
and AKNS hierarchy are constant, while that of the CH hierarchy and the 2- 
CH hierarchy are not. 
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In some cases, bihamiltonian integrable hierarchies with different central in- 
variants are related via certain type of transformations which change, unlike 
the Miura-type transformations, also the independent variables. Such trans- 
formations are called reciprocal transformations, they are rather important 
in studying properties of solutions of the related integrable hierarchies (see 
1201 HB HFJ ISH US] and references therein) . A typical example is given by 
the relation between the KdV hierarchy and the CH hierarchy [2T] , the associ- 
ated reciprocal transformation provides an efficient way to obtain exact solutions 
of the CH hierarchy by using the known solutions of the KdV hierarchv[2H I28j . 

The main purpose of the present paper is to study, via the example of the r- 
KdV-CH hierarchy, the transformation rule of Hamiltonian and bihamiltonian 
structures under reciprocal transformations. A better understanding of such 
transformation rules would be important in particular for the study of properties 
of the class of bihamiltonian integrable systems of Camassa-Holm type, and for 
the study of a generalized classification scheme for integrable hierarchies under 
reciprocal transformations. 

Recall that the first step towards the generalization of the KdV hierarchy 
to the r-KdV-CH hierarchy was made by Martinez Alonso in [31] . where he 
presented the r-KdV-CH hierarchy with the parameters V = (1, 0, ■ • ■ , 0) and 
proved its integrability via the bihamiltonian structure of the hierarchy and the 
inverse scattering method. In [HEIE] Antonowicz and Fordy studied the spectral 
problem associated to the r-KdV-CH hierarchy with general parameters, they 
obtained r + 1 Hamiltonian operators associated to the spectral problem and 
pointed out that the compatibility of these Hamiltonian operators can be proved 
by using Fuchssteiner and Fokas' method of hereditary symmetry [22]. However, 
to our knowledge the explicit formulation of the r-KdV-CH hierarchy and its 
multi-Hamiltonian representation, including the proof of the compatibility of 
the Hamiltonian structures, were missing in the literature. So in the present 
paper we first give, in Section [2] and Section [31 the explicit formulation of the 
r-KdV-CH hierarchy with general parameters V = (ao, ■ •■ ,a r ) and its r + 1 
Hamiltonian structures including the explicit formulae of the Hamiltonians, we 
prove the compatibility of the r + l Hamiltonian operators by using a direct and 
simple method due to Kersten et al [2(5] and Getzler [23]. In Section [2] we also 
give a definition of the r function of the r-KdV-CH hierarchy, it is a natural 
generalization of the r function of the KdV hierarchy which plays a crucial role 
in the study of properties of solutions of the KdV hierarchy and its applications 
in different branches of mathematics and physics. 

Properties of the bihamiltonian structures of the r-KdV-CH hierarchy were 
considered in |15j , where a formula for the central invariants of these bihamilto- 
nian structures was given without a proof. In Section [¥] we fill the proof for the 
formula, and also the proof of the semisimplicity of the bihamiltonian structures. 
The dispersionless limit of these bihamiltonian structures are of hydrodynamic 
type, such bihamiltonian structures have close relations to 2d topological field 
theory and Frobenius manifolds [H1[T21[T3, 36J . The notion of Frobenius mani- 
folds was invented by Dubrovin as a coordinate free formulation of the WDVV 
equations which arises in 2d topologoical field theory (THl E] , through this no- 
tion relations of some nonlinear integrable systems with 2d topological field 
theory, Gromov-Witten invariants, singularities theory, geometry of the orbit 
spaces of finite Coxctcr groups and extended affinc Weyl groups, and other 
fields of mathematical physics are naturally established. Here bihamiltonian 
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structures of hydrodynamic type play a prominent role, it was shown that on 
the loop space of any Frobenius manifold there is defined such a bihamiltonian 
structure and vice versa, under certain restrictions a Frobenius manifold 
can be obtained from a bihamiltonian structure [H [H] . In Section 0] we will 
specify those bihamiltonian structures of the r-KdV-CH hierarchy which are 
associated to Frobenius manifolds. 

Under reciprocal transformations an evolutionary PDE which possesses a 
local Hamiltonian structure will in general be transformed to a system with 
nonlocal Hamiltonian structures. For a Hamiltonian system of hydrodynamic 
type, such transformation properties were studied by Fcrapontov and Pavlov in 
[20] where the nonlocal Hamiltonian structure was obtained from the expres- 
sions of the transformed systems. In order to understand such transformation 
rule of the Hamiltonian structures in a more natural way, we first generalize 
in Section \E[ following [3D] , the definition of the space of multi- vectors on the 
formal loop space of the manifold M, and the Schouten-Nijenhuis bracket on 
the space of the generalized multi- vectors. In this way, we can define a class 
of generalized Hamiltonian structures which includes in particular the class of 
weakly nonlocal Hamiltonian structures of hydrodynamic type associated to 
conformally flat metrics [TH] . We proceed to define a class of reciprocal trans- 
formations between two spaces of generalized multi-vectors, and obtain in a 
natural way the transformation rule of a local Hamiltonian structure under a 
class of reciprocal transformations. Then we consider, by applying the general 
results, the transformation rule of the Hamiltonian structures of the r-KdV-CH 
hierarchy under the reciprocal transformations of the hierarchy. 

We give some concluding remarks in the last section. 

2 The r-KdV-CH hierarchy 
2.1 Definition of the flows 

Let M be a contractible manifold with local coordinates to , • • • , w r ~ 1 , ip be a 
smooth map from circle S 1 = R/Z to M 

(p-.S^-^M, x^ (w°{x),--- ,w r " 1 (a;)). 

We denote the derivatives d x w % (x), d x w t (x), ■ ■ ■ by w x , w xx , • • • , and denote 
d x w l {x) = w l ' k in general. Let A be the polynomial ring 

A=C°°(M)[ewle 2 w xx ,---}. 

There is a natural gradation on A 

deg/(to) = 0, deg(e<) = 1, deg (e 2 w xx ) =2,--- 

We denote the completion of A w.r.t. this gradation by A. 

Given r G N and V = (ao, eti, ■ ■ ■ , a r ) G (R r+1 ) x , we consider the following 
system of linear equations: 

£ 2 4> x *{x,t) =A(w;\)(t>{x,t), A = —, (2.1) 

a 

<j>t{x, t) = B(w; \)<j) x {x, t) - -B x (w; X)(f>(x, t), (2.2) 
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where 

A = to + to 1 A + • ■ ■ + w 7 - 1 ^- 1 + X r , (2.3) 
a = a Q + a 1 X-\ h a,._ iA r_1 + a r A r , (2.4) 

and B(uj: A) g „4[A, A -1 ]. The compatibility condition of (|2~Tj) and (|2~2"|) reads 

e 2 

A(=2iB I +4B--B m . (2.5) 
For a Laurent series F = ^2 fiX x , we denote by (F)+ its positive part 

and (F)_ = F — (F)+. We assume iu r = 1 and to* = a, = 0, if i < or i > r, 
and define the operators 

V i = 2w i d x +w i ' x - e - ai dl. 
Their generating "function" is denoted by 

r 2 

V = J2v t \ l = 2A8 x +A x --ad 3 x . 

i=0 

Proposition 2.1 Suppose B is a polynomial of X 

B(w; A) = 6 A™ + M"" 1 + • • • + b n ^X + b n , b. t e A, (2.6) 

t/ien i/ie compatibility condition of (|2.1[) and (|2.2p gives an evolutionary PDE 
of the unknown to , • • • , to r_1 z/ and on/y i/ 

S(«;;A) = (/(A)6) + , 
where /(A) G R[A],dcg/ ~ n, b is a Laurent series 

b-\ bo b-i 

b=l + j- + f 2+ f 3+ ..., bi eA 



such that 



Ab 2 --a(2bb xx -b 2 x ) = X r . (2.7) 



Remark 2.2 According to the definition of A, The equation (|2.7[) detemines b 
uniquely. For example, the vanishing of the coefficient of X r ~ l implies 



so we have 



e 2 

2b\ + w r 1 - —a r bi, xx = 0, 



1 / r 1 \ 00 / 9 \ k / r 1 

w \ v-^ / e „9\ / to 



».=(i-^j (-vj=i:(7^ 

The other bi 's are similar. 
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Proof By comparing the coefficients, the compatibility condition (|2.5[) is equiv- 
alent to the following equations 

X r+n . Q = j^^^ (2.8) 

A r+n_1 : = XV&i+ZV-i&o, (2.9) 



A r+1 : = V r b n -i + ■■■ + V r . n+1 b , (2.10) 

A r : = V r b n + ---+V r - n b o , (2.11) 

A'- 1 : (w'-^t = O r _!6„ + ■ • • + P r -„-i6 , (2.12) 

A 1 '" 2 : K~ 2 ) t = P r _ 2 6„ + ■ • • + Vr-n-So, (2.13) 



A 1 : (w 1 ^ =V 1 b n +V b n -i, (2.14) 
A : (™°) t = V Q b n . (2.15) 

They give a system of PDEs of w°, ■ ■ ■ , w r ~ 1 if and only if 60, • ■ ■ , b n satisfy the 
equations (f2^ - (|2~TTj) . 

To find out bo, ■ ■ ■ ,b n from the equations (|2.8j) - (|2.1ip . we only need to con- 
sider the following equation 

Vb = 0, (2.16) 



where 

r 7 . h b 2 b 3 

T a^ a^ 

It is easy to see 



2 

7 / e 



= b \Vb) = [ - — a (2 66^ - b x 



\ J \ 4 

Note that the kernel of d x on A is just R, so there exists a Laurent series 
C(X) = C \ r + C1A'- 1 + C 2 A'- 2 + C 3 A r - 3 + • • ■ , C t eR, 

such that 

iS 2 -^a (2 6fe as -^) =C(A). 
Compare the above equation and the equation (|2.7[) . we obtain 



so we have 

B = (X n b) + = (f(X)b) + . 

where 



The proposition is proved. □ 



G 



Proposition 2.3 Suppose B is a polynomial of X 



-l 



„ Cn Ci C m _i 

S = + — -r + ■■■ + Cl G A. 

A™ A TO_1 A 

TTie compatibility condition of (|2.1[) and (|2.2p gives an evolutionary PDE of 
unknown w°, • • • , i/ and on/?/ i/ 

S = G?(A)c)_ , 

where g(X) G M[A _1 ], dcgg = m, c is power series 

c = c Q + ci A + c 2 A 2 + c 3 A 3 H , c ; G „4 

sitc/i t/iai 

e 2 

Ac 2 - -a(2c ClI -4) = 1. (2.17) 

Proof The proof is similar to the above one, we omit it here. □ 
Proposition 2.4 Suppose B is a Laurent polynomial of X 

5 = ^ + ^ + --- + ^ + ^ + ^A + ... + ^ 1 A"- 1 +U". 



The compatibility condition of (|2.1|) and (|2.2j) gives an evolutionary PDE of 
unknown w° , ■ ■ ■ , u> r_1 i/ and on/?/ if 

B = (f(X)b) + + (g(X)c)_ , 

where /(A) G R[A], dcg/ = n, <?(A) G M[A _1 ], dcg a = m, and b, c are given in 
the above two propositions. 

Proof By comparing the coefficients of A, it is easy to see that bo,-- - ,b n 
satisfy the equations (|2.8[) - (|2.11[) . and 6_ m , ■ ■ • , 6_i satisfy the same equation 
for Co, • • • , c m _i. The proposition is proved. D 

Definition 2.5 For n£l, we define 

_ \{X n b) + , n>0, 
Bn - \(A»c)_, n<0, (2 ' 18) 

and denote by dt n the flow defined by B n . When n > 0, we call d tn the n-th 
positive flow, and when n < 0, we call dt n the \n\-th negative flow. 

Lemma 2.6 For all n G Z, we /lave 

h n =B n b x -bB n , x , (2.19) 
ct„ = B n c x - cB niX . (2.20) 

Proof We only prove the equation (|2.19p . the proof of (|2.20|) is similar. 

Let h — b tn — B n b x + b B n>x , we need to show that h = 0. The derivative of 
the equation (|2.7p w.r.t. t n implies 

A tn b 2 + (2Ab~^(bd 2 x ~b x d x + b xx )] b tn =0, 
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from (|2.5p it follows that 

bB n (Vb) + (zAb-^ (bdl-b x d x + b xx )^J h = 0, 

then by using the equation (|2.7p again and the fact that Vb = 0, we obtian 

l-^y{b 2 d 2 x -bb x d x + b 2 x -bb xx ) S ) h = 0, 

thus we arrive at h = 0. □ 

Theorem 2.7 For all n,m £ Z, we have [dt n ,dt m ] = 0. 

Proof We need to prove that (A trl )t m = (A tm )t n , but in fact 

(At n )t m — \At m )t n = 2? {B n .t m — B m j n + B n B m>x — B m B niX ) , 

so we only need to prove 

B n ,t m — B m .t n + B n B mx — B m B nx = 0. (2-21) 

When n, m > 0, we have 

B m ,t n ~ B n B mx — (A m &t„) + — B n B m ^ x 

= (B n (A™ b) x — (X m b) B n>x ) + — B n B rn , x 

= (B n (X m b x )_~(X m b) B, hX ) + 

= ((A«6) (A™M--(A m &) (A"^) + ) + 

= ((A" 6) (A m b x )_ + (A m 6) (A" b x )_ - X n+m bb x ) + 

Since the above expresion is symmetric w.r.t. n, m, the equation (12.211) is proved. 

When n > 0,m < 0, note that B n tm is a polynomial of A, while B m tn is 
a polynomial of A -1 , so the equation (|2.2ip is equivalent to the following two 
equations: 

B n ,t m = (B m B n/X — B n B„ ux ) + , (2.22) 
Bjn,t n — (B n B m x B 7n B n x )_ . (2.23) 

In fact, 

B n , tm = (X n b t J + 

= (B m (X n b x ) - (A™6) 5 m , x ) + 
= (B m (X n b x ) + -(X n b) + B m>x ) + 
— {B m B n x B n Bjji ^, 

so the equation (|2.22p is proved. 

The proofs of the equation (|2.23|) and the case when n < 0, m < are 
similar, we omit them here. □ 

The above theorem shows that the flows {dt n } n ez form a integrable hierar- 
chy, we call it the r-KdV-CH hierarchy associated to V = (do, ■ ■ ■ ,a r ). 
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2.2 r function of the r-KdV-CH hierarchy 

Lemma 2.8 Let w ,!/; 1 ,--- ,w r ~ 1 be a solution to the r-KdV-CH hierarchy, 
then the following one-form 

Lu = bi dx + 2J b n+1 dt n - c- n -\dt n (2.24) 

n>0 n<0 

is closed. Here b n ,c n are defined in (|2.7p . (|2.17p . 

Proof Since dt = d x , we can identify x and t$. In the equation (|2.7|) . take the 
residue at A = 0, we obtain 

<9»i <9w„ ( b n+ i, n > 0, 

— — = — — , where w n = < _ 
<9t„ &E ' \ -C-n-l, n < 0. 

To prove that w is closed, we only need to show 

du> n duj n 



dt m 8t r 



0, Vn,m G Z. (2.25) 



Note that the left hand side of the above equation is a differential polynomial 
,w r ~ 1 with positive degree, and we have 



d ( duj n duj n 



dx V dt m dtn 





(-) 






) dtm 


{dt n J 


-—\ 
dt n 


\dt m ) 



0. 



so the equation ()2.25p holds true. The lemma is proved. □ 
We assume the domain of (a;, {t n }) is contractible, then uj is also exact. 

Definition 2.9 A function t(- • • , i_2, a; + to, ti, t2, ■ ■ ■ ) is called a r func- 
tion of the r-KdV-CH hierarchy associated to w , w , ■ ■ ■ , uf , if 

cj = d{d x \ogT) . 

Example 2.10 By applying the above general construction to the r-KdV-CH 
hierarchy with r = 1 and V = (1, 0), we obtain the KdV hierarchy. Let w° = —u, 
the coefficient b\ reads 

t W° U 2 

bi = — g- = 2 = ^ lo g r > 

so we /iawe u = 2 9^ log r, which coincides with the definition of the r function 
of the KdV hierarchy. 

From the definition of the r function, we see that all the unknown functions 
w , w , • • ■ , w r ~ 1 can be expressed in terms of r and its derivatives w.r.t. the 
time variables t n ,n G Z. So the r-KdV-CH hierarchy can be represented as a 
hierarchy of PDEs for a single unknown function r. It is an interesting problem 
to see whether, as it is true for the KdV hierarchy this hierarchy of PDEs for r 
can be written as a hierarchy of bilinear equations in the sense of Hirota |24| . 

We remark here that the definition of the r function of the hierarchy is 
different from the one that is given in [T3] for a hierarchy of Hamiltonian systems, 
there the closed 1-form is formed by the appropriately chosen densities of the 
Hamiltonians. In the present definition, the coefficients of the 1-form (|2.24j) are 
not given by the densities of the Hamiltonians of the r-KdV-CH hierarchy in 
general. 
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3 The multi-Hamiltonian formalism 

3.1 The conserved quantities of the r-KdV-CH hierarchy 
Definition 3.1 Elements of the quotient space 

A = A/d x A 

are called local junctionals. Denote the canonical projection A — > A by f i— > 
/ / dx, then f is called a density of the local functional. 

Remark 3.2 For a smooth map tp : S 1 — > M, we can lift it to a map 

<p°° : S* 1 -► J°°(M), 

where J°°(M) is the infinite jet space of M . Then for any f € A, we can define 
a functional on the space C° C (S 1 — > M) with value in K[[e]]: 

Js 1 

where dfi is a Haar measure on S 1 . We denote this functional by J sl f dx for 
short. 

The functional J sl f dx and the local functional J f dx share many common 
properties. For example, if f\ — fa = d x g, then by definition, we have 

fidx = J fa dx. 

On the other hand we also have 

I fidx- f fadx= f d x gdx= f d((<p°°)*(g)) = f (<p°°)*(g) = 0. 

JS 1 JS 1 JS 1 JS 1 JdS 1 

Another important common property is the following formulae of integration by 
parts 

J fd x gdx = - f gd x fdx, J fd s x gdx= fg(-d x ) s fdx. (3.1) 

Let us consider a system of evolutionary PDEs of the following form 

w\ = X\ X 1 G A. (3.2) 

By using the chain rule, for any / S A, we have 

j — l 

i=0 s>0 



So the system of evolutionary PDEs (|3.2p defines a derivation X on A 

d 



x^x = j2J2 d ^ x 



dw l 
i=0 s >o 
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Note that X commutes with d x , so it acts on the quotient space A. Let 
H = J f dx € A, denote the action of X on H by X.H , then we have 



Sw 1 ' 



X.H = J X{f)dx = 

i=0 

where 

— = v-^- 

is the variational derivative. 

Definition 3.3 The local functional H = J f dx is called a conserved quantity 
of the system of evolutionary PDEs (|3.2|) if X.H = 0, i.e. if there exists an 
element g € A such that 

x(f) = d x (g). 

The density of a conserved quantity is called a conserved density. 

Theorem 3.4 Define local functionals 

( J (2res A=0 ^) dx, n > 0, 
H n = ! (3.3) 
[ -/ (2res A =o^) dx, n < 0, 

then H n are conserved quantities of every flow of the r-KdV-CH hierarchy. 

Proof The equation ([2~T§|) and (f2~2"U)) show that 

1\ fB n \ fl\ ( B, 



b J t„ V b J x Wt„ \ c 

so the coefficients of £ and \ should be conserved densities of the flow dt n ■ The 
theorem is proved. □ 
The following proposition is useful in the next subsection. 

Proposition 3.5 For n G Z and i = 0, 1, • ■ ■ , r — 1, we have 



6H n { &„ + i_( r _i), ra > 0, 



<5w i; L -c_ n _i_i, n < 0, 
here we assume bo = 1 and 6^ = = when k < 0. 

Lemma 3.6 Let = J f dx be a local functional, fo, ■ ■ ■ , fr—1 € A, then 

— = fi 

if and only if for any X°, ■ ■ ■ , X r ~ l S A there exists a 6 A such that 

r-1 



(3.4) 



d t {f) = Y J X i f i + d x {a), 



i=0 



where dt is given by the equations 
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Proof We only need to show the condition is sufficient. Note that for any 
X 1 £ A there exists a £ A such that 

dt {f) = Y J X i — i + d x (a), 

i=0 

so it is sufficient to prove that for a fixed Z £ A, if for any X £ „4 we have 
IZe d x A, then Z = 0. 

Without loss of generality we can assume that Z is homogeneous. We take 
X = Z, then by assumption there exists a homogenous element F of A such 
that X Z = d x F. Since F is homogeneous, we can assume 

F = f(w,w x ,---,w^), 

and there exists an index i such that rP F { s ^ 0. Thus d x F has the form 

d x F = Aw l ' s+1 +B, 

where A, B £ A are independent of w' l ' s+1 . On the other hand, Z is also a 
polynomial of w % ' s+1 , assume that the degree of Z w.r.t. u/' s+1 is m, then the 
degree of Z 2 is 2m. So we obtain 

2m = 1, 

which is impossible unless Z = 0. The lemma is proved. □ 



Proof of Provosition \3.5\ We give the proof for the case when n > 0, the proof 
for n < is similar. 

The proposition is equivalent to the following identity 

-JL f\dx = X l - r b. 

OUU 1 J 

According to the above lemma, it is equivalent to prove that for any X 1 £ A 
there exists a £ A such that 

b ~ 2 A r +(Jx ' 



where dt is given by (|3.2[) and A is defined in (|2.3 
Let t] — t 5 the equation (|2.7|) implies 



At, 2 + ^(27,7,^-3^) = AV- (3.5) 



By taking the action of dt , we have 



(lAr,- 4A r 77 3 + i-a (77 9 2 - 3 % d x + r, t = 0. 



Then multiply the left-hand side of the above equation by 77 and eliminate A r/ 2 
by using the equation (|3.5[) . one obtain 



1 /}2 37y x 3?7 2 - 7777^ \ \ A t 



77^ 77'' ?7 4 / / 2A r 77 
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Note that 



so we have 



where 




The proposition is proved. □ 

3.2 The Hamiltonian structures of the r-KdV-CH hierar- 
chy 

In this subsection we recall the definition of Hamiltonian structures. In order 
to have a convenient description of the Hamiltonian structures of the r-KdV- 
CH hierarchy, and to give a direct proof of their compatibility in the next 
subsection, we also recall the description of Hamiltonian structures in terms of 
super variables, see [26JE3] for details. 

Definition 3.7 A local p '-vector is a map P : A p — > A of the following form 
P(F U ---,F P ) 

J ii,— ,»p=0ai,-,ap>0 V 7 V 7 

where Pl\\..^ s p p G -4 smc/i £/iai P is alternative. We denote the linear space of 

oo 

all p-vectors by T p , and T = T p . In particular, T° = A. 

p=0 

Remark 3.8 The space T 1 can be identified with the space of all evolutionary 
PDEs, since 

J i=0 s>0 J i=0 

where P* = £ s > (i*) € -4- 

Define the maps 

XZJ 

x 5w* 

and denote A = A® A(V), where 

^ = ©©*«?• 

i=0 s>0 
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Here A(V) is the exterior algebra of V. The operators -J^ that appear below is 
defined as follows: 

— Sl A Af) Sm = { 0, when (*' s ) ^ (*/=' s fe) for fc = ' ' 

d9f 11 " ' *" \ (-l)*- 1 ^ 1 A • • • A A • • • A 0*2 , when (i, s) = (i fcj s k ). 

The derivation : A — ► A can be extended to the following one 



i=0 s>0 



we denote A = A/d x A. Note that the spaces and A possess natural grada- 
tions, which is induced from the gradation on A(V). 

Lemma 3.9 There exists an isomorphism of the graded linear spaces 

# : A -> T. 

Proof We define the map * : A p — > T p as follow 

/f)p p 
<)ir ... iun °~: ■ ■ ■ e Z ( f p) dx > ( 3 - 7 ) 

then it is easy to see that ^> is an isomorphism. □ 
In [53] and [H] , Getzler and Kersten et al define a graded Lie algebra bracket 
on A. 

[, ]:A* xA'^A^- 1 , (P,Q)^[P,Q\, 



where 



and 



i=0 



s>0 ' 

We call this bracket the Schouten-Nijenhuis bracked, it satisfies the following 
properties: 

[P,Q] = (-iy[Q,P], (3.10) 
(-l)* k [[P,Q],R] + (-i)V[[Q,R],P] + (-l) k «[[R,P],Q] = 0, (3.11) 

where P G A p , Q G A 9 , P G A fc . 

The Schouten-Nijenhuis bracket is also defined on T, since A = T. 

Definition 3.10 A local bivector P <G T 2 is called a Poisson bivector if [P, P] = 
0. Two linearly independent Poisson bivector s P, Q G T 2 are called to be com- 
patible if [P, Q] = 0. 

^4 local vector field X £ T 1 is called a Hamiltonian vector field w.r.t. a 
Poisson bivector P if there exists a local functional H G T° such that X = [P, H] . 



The definitions of [ , ] in |23j and [26] are slightly different from the one presented here. 
They are equivalent to each other after adjusting sign and gradation. 
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Note that the value of a local bivector P £ T 2 on two local functional can 
be expressed as follows: 

^.c)=/x;I££^(S)^ 

J ij=0 s>0 v 7 

so it gives a matrix differential operator 

J=(J ij )i, j =0,-,r-l, J ij =E P ^" 

The fact that P is alternative implies that 

J + J f =0, (3.12) 
where is the adjoint operator of J 

J t = ((J t )«), (Jt)^ = ^(-^) s Pf. 



So the space of local bivectors is isomorphic to the space of matrix differential 
operators satisfying the condition (|3.12|) . We will identify the matrix differential 
operators and local bivectors from now on. 

Let P = (P ij ) = {J2 l': J 'K> be a local bivector, the isomorphism ([377)1 

implies 

Let H £ A be a local functional, and X = [P, H], then we have 



X = [P,H] 



Theorem 3.11 Denote by X n the local vector field corresponding to the flow 
dt n of the r-KdV-CH hierarchy, then there exist r + 1 Hamiltonian structures 
P m (to = 0, • • • , r), which are linearly independent and pairwise compatible, 
such that 

v _ J [-Pr— TO! •ffn+mji 1 > 0, „ _ „ 

X "-\[P m ,tf„_ m ], n<0, ' nGZ ' m ~°' ' r ' 

Proof We will only prove the case when n > 0, the case when n < can be 
proved in the same way. 

It follows from the equations (|2.12p - (|2.15p and Proposition 13.51 that 



J t n — 

3=0 



EW^^jV^O,---^-!, (3.13) 
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where P r is a matrix differential operator 



/ ••■ v \ 
■■• V £>! 



V ■■■ V r - 3 2? r _ 2 



By using the definition of the Schouten-Nijenhuis bracket we have X„ = [P r , H n ] . 
Note that bj satisfies the following recurrence relation 



bn-r+l — —D Q (T>i fe 7l - r +2 + ■ ■ ■ + T> r b n+ i) , 



so we have 



/ bn-r+l \ 
b n -r+2 



R b 



b n -i 

V b n J 

where the matrix operator Rb reads 



Rb — 



( bn-r+2 \ 
bn-r+3 

b n 

V b n+l J 



-V^Vr-i -V Q 1 V r \ 






V o o ••• i 

Then by using Proposition 13.51 again, we obtain 

r-l 



J 



where 



j=0 



P r -X =P r Rb = 



fSH, 



n+X 



( 


\ 



i = 0, 



■ r-l, 



-Do \ 
V x 

£>r-2 
-V r ) 



so we have X n = [P r -x, Hn+i]- 

Repeating this procedure, we obtain 

X n = [P r ,H n ] = [P r -i,H n +i] 



[Po,H., 



n+r\ j 



where P r - m = Pr R™i m = 0,1, - ■ ■ ,r. It is easy to see all the P m 's are matrix 
differential operators and linearly independent. We will prove that they are 
Hamiltonian operators and pairwise compatible in the next subsection. The 
theorem is proved. □ 
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3.3 Compatibility of the Hamiltonian structures 

By the definition given in the last subsection, the components of the matrix 
differential operators P m (m = 0, 1, • • ■ , r) have the following expression 

(Pm) ij = fci+l-m. h3 = 0,1,-" ,r - 1, 
where are constants given by 

i, j < m, 
-1, i,j > m, 
0, otherwise. 

It is easy to see that P m + (P m V — 0' so ^™ e Furthermore, we have the 
following theorem, which implies that P m 's are all Hamiltonian operators and 
pairwise compatible. 

Theorem 3.12 For any n, m = 0, 1, • • • ,r, we have [P n , P m ) = 0. 
We prove some lemmas first. Let 



Sfc 



1, k > 0, 
0, fc < 0. 



Lemma 3.13 = 1 - s,_ m - Sj- m . 

The proof of the lemma is obvious. 

Lemma 3.14 For any integers i,j,n,m > 0, we have 

Proof Consider the generating function 

-^X*^; ^ ^ ^i+j'+l— n — m (^z— n Si— in Sj—n Sj—m 2) X 7/^ , 

ij>0 

where |x| < 1, \y\ < 1, one can obtain 

n+m 



i,i>o y v 



y'n+m-l 



n-\-m 



51 fli+i+l-„-m*i-mSV - 

i,j>o y y 



i+m— 1 1 



1 — w 1 — - ( 1 — x ) ( 1 — v ) 



i-\-rn— 1 1 — ( — 



1-y 1-2 (l-xMl-yV 

i,j>0 y V 



y 



n+rn 

i+rn— 1 1 



i,j>o y v \ /\ vj 
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so we have 



x m yn _|_ x n yfn 

■^X^lV) "77 wT 7" / J {Si—nSj — m ~\~ s i~m s j — n) % iP • 

The lemma is proved. □ 
Lemma 3.15 We denote 

Qnt = f^ +1 - m ' k ftt + f£ J+1 - ,hk W, (3.14) 
then Q^ m is symmetric w.r.t. i,j, k for any integers n, m > 0. 
Proof By using Lemma 13.131 we have 

Qnm — ^ Si^ n Si — m Sj—n Sj—m ^k—n ^k—m 

T" Sfc — n Sj_ m "T Sk — n Sj — m -j- 5^_ m Si — n "T m Sj — n 

~l~ n— m (^i— n -^i — m ~l~ Sj — n -\- Sj — m 2) . 

Then Lemma 13.141 implies 

Qnm ^ ^i — n Si — m Sj— n Sj — m Sfc — n ^k—m 

T" — n Si—m Sk—n Sj — m Sk—m Si—n ' Sk—m Sj — n 
~i~ Si—nSj—m T" S-i—mSj — n: 

which is symmetric w.r.t. i, j, fc. The lemma is proved. □ 
Proof of Theorem \3.12\ Let us first introduce some elements P m € A 2 

r-l 

2 



1 

P ™ = o E HPmTiOj), m = 0,l > -.-,r-l, 



then the theorem is equivalent to the identity [P„, P m ] = 0, where [ , ] is given 



m 

By the definition of variational derivative, we have 
tiP ^ SP r ~ 1 



X] fm ^a+k+l-niOk), ~~F~~^ = X fm^i+j + l-m^i^p 



where F' = d x (F). So the Schouten-Nijcnhuis bracket reads 



[Pn,Pm]= / E 

n 



'SPnSPm SP n 5P„ 



dx 



i,j,k=0 

where Q l i m is given by (|3.14p 



Q Sw a Sw a S6 a 

/ E Qnm^i^'j^ > i+j+k+2-n-m{0k)dx, 

>> , - 7 n 



a=0 
r-l 
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Denote I = i + j + k + 2 — n — m, we can rewrite 9i O'j T>i{9k) as 
9i 9' 3 Vi (9 k ) =w l 9 t 9) 9' k - w l 9 t 9]9 k + ^a l 9 l Offi 



% 9'j w l 9 k - - ai 9'l ) + [o i 9] w l 9 k - - ai 9'l 



Note that the first term of the above expression is anti-symmetric w.r.t j, k, so 
the symmetry of Q^j implies 



r— 1 

J a a i — n 



i t j,k=Q 

The second, the third and the fourth terms are similar, so we have 



\Pn i Pm ] 



The theorem is proved. □ 

4 Properties of the bihamiltonian structures 

4.1 Semisimplicity of the bihamiltonian structures 

Definition 4.1 We say that a Hamiltonian structure P is of hydrodynamic type 
if its components have the form 

P^ = g ij (w) d x + if (w) w k x , det(<? ij («)) ^ 0. 

A bihamiltonian structure is of hydrodynamic type if both of its Hamiltonian 
structures have this property. 

The leading terms of the Hamiltonian structures P m (m = 0, 1, • • • , r) are 
all of hydrodynamic type. We denote the corresponding metrics by g m (m = 
0,l,---,r). 

Definition 4.2 We say that a bihamiltonian structure (Pi, P2) of hydrodynamic 
type 

Pi j =9»{w)d x +Yl a {w)w k x + --- , a 1.2. 
is semisimple if the roots of the characteristic equation 

det(g 2 (w)-\ gi (w))=0 (4.1) 

are not constant and pairwise distinct. 

Ferapontov proved the following theorem: 

Theorem 4.3 ( [18j ) Let (Pi,P2) be a semisimple bihamiltonian structure of 
hydrodynamic type, then the roots of the characteristic equation (|4.1I) form a lo- 
cal coordinate system near every point of M , and the metrics <?i, 32 are diagonal 
in this coordinate system. 
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The r-KdV-CH hierarchy has r + 1 compatible Hamiltonian structures, so 
any two of them form a bihamiltonian structure. We denote by B>k,i = (-P&, Pi) 
the bihamitonian structure formed by Pk and Pi, where k, I = 0, 1, • • • , r and 
k ^ I. 

Let Ai, • • • , A r be the roots of the following polynomial in A: 

P(A) = A r + w 7 - 1 A r_1 + • • • + w 1 A + w°. 

We assume that Ai, • • • , A r are pairwise distinct, so P'{\i) ^ 0, i = 1, 2, • • • ,r. 

Theorem 4.4 For any k, I = 0, 1, • • • , r and k ^ I, the leading term of B^^i is 
a semisimple bihamiltonian structure of hydrodynamic type. 

By the implicit function theorem, it is easy to see that 

^L = _^L_ (42 ) 
dw k P'(Ai)' 1 ■ ; 

Since we have assumed that A; Xj for any i, j = 1, ■ • • , r, the Jacobian 

d(Ai,--- ,A r ) A(Ai,--- ,A r ) 

9(WV--,0 1 j Il7 = i^(A) ^ ' 

where A(Ai, • • • , A r ) is the Vandermonde determinant. So Ai, • • • , X r form a 
coordinate system. We will show below that the metrics g m are diagonal in this 
coordinate system. 

Lemma 4.5 In the coordinate system (Ai, - ■ • ,X r ), the metrics g rn are 
nal, and the diagonal entries read 

9 \ m 

<C(A) 



P'(K) 

Proof The components of g m in the coordinate system (w , ■ ■ ■ ,w r_1 ) read 

g%(w)=2f£w^ l+1 - m , 

so we have 

r-1 



P'(A,)P'(A,) ^ 
2 



5^ 2/* , io* +,+1 - m AjAj 



fc,;=o 

m — 1 



^'(Ai)P'(A J ) 



. fc,i=0 fc.J= 



_ /m-l m-1 / , \ fe 



A,; 



E ^r^E 

ft,=m+l k—ra 
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If i =/= j , we have 

„ , m-l ( — ( h 



jv 

E ^ 



fe=0 



A-i A? 

fc.=m+l J 

(m-l N \ \ 

£ ^ + £ Wfc A£ 
ft=0 ft=m+l / / 

2 (A™ (~w m A™) - A™ (-w m A™)) 
= P'(A J )P'(A J )(A,-A i ) 
= 0. 

If « = J, then 

„ / m— 1 r ^ 

gm(A) = — - 2 ^^A 8 fe+TO - 1 (m-fe)+ X! ^^"Hm-ft) 

{■r (AjJJ \/i=0 h=m+l / 

/ JV r \ 



(^'(AO) 2 



A™" 1 ™ E - A™ ^/iw^A-" 1 



/i=0 fc.=l 



2A' ; 



^'(Ai) 

The lemma is proved. □ 



Proof of Theorem \4-4\ In the coordinates (Ai, • • • , A r ), the characteristic equa- 
tion (|4.1[) of the leading term of Bk : i reads 

so the roots arc 

Ui = {Xi) l ~ k , i = l,--- ,r. 
Since k 7^ I, Uj's are not constant; and since Ai are distinct, Ui are also distinct. 
So the leading term of B^ i is semisimple. □ 

We denote the diagonal components of gk in the canonical coordinates u±, • ■ ■ ,u r 
by f 1 ! ' ' ' 1 /'\ then it is easy to obtain 

\ 2Z-fc-2 

&f = f = -2G - fc) 2 4 ; . ■ i = l,-- - ,r, 
P'(Ai) 

and the diagonal components of c/; in the canonical coordinates read 

\3Z-2fc-2 

of = Ui P = -2(1 - fc) 2 1 , — , i = 1, • ■ • ,r. 
These formulae are useful in the following parts of this section. 
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4.2 The associated Probenius manifolds 



The notion of Frobenius manifold, which is introduced by Dubrovin in [101 lllj . 
is the geometric description of the WDVV associative equation that arises 

in 2d topological field theory. For a given r-dimcnsional Frobenius manifold M, 
let v 1 ,- ■ ■ ,v r be its flat coordinates near a point vq G M which is so chosen 
such that gp- is the unit vector field. Then the potential F = Fty 1 , ■ ■ ■ ,v r ) as 
a function of the flat coordinates satisfies the WDVV associative equations 

d 3 F 

Va/3 = constant, det(rj a p) ^ 0, 



dv 1 dv a dv' 3 



d 3 F £ff d 3 F d 3 F Cff d 3 F 

rT l n..n- a..,j q_.ii n_.i, n_./3 ^ 



dv a dv^dv^ dv a dv v dv^ dv^dv^dv^ dv a dv v dv a ' 
for any fixed indices a,/3, v,pb, here {rj al3 ) = (riap)" 1 , 
<9gF = (3 — cZ)F + quadratic terms in v. 

Here E = X)a=i(^'"i' r + '"o!) gfs - is the Euler vector field with d a , r a be constants, 
and the constant d is called the charge of the Frobenius manifold. 

On the formal loop space of a Frobenius manifold there is a bihamiltonian 
structure of hydrodynamic type {Pf m , Qfm), its components are given by 

pa/3 _ 71 a/3a 



fm 

Yf 

- fm 



where 



r 8 3 F 



dv°dv~idv v 

fT,7,l/ — 1 

are the components of the intersection form of the Frobenius manifold, and 

pa/3 _ _ n av p/3 

is given by the Christoffel symbols of the Levi-Civita connection of the metric 

If the Frobenius manifold is scmisimple, the associated bihamiltonian struc- 
ture is also semisimplc. Now an interesting question is: Do the leading terms of 
the bihamiltonian structures B^i's of the r-KdV-CH hierarchy are associated 
to some semisimple Frobenius manifolds? 

Theorem 4.6 The leading term of the bihamiltonian structure E>k,i = (Pk,Pi) 
is given by the bihamiltonian structure (Pf m ,Qfm) of a Frobenius manifold if 
and only if (k, I) = (0, 1) and r = 1, 2. 

This theorem is a corollary of the following lemma. 

Lemma 4.7 (|llj) Let (PfmiQfm) be the bihamiltonian structure associated 
to a semisimple Frobenius manifold. We denote, in the canonical coordinates 
it 1 , • ■ ■ , u r , the diagonal components of the flat metric (r] a P) by 

9i = —, i = !■,••• ,r. 

Vii 

then we have 

^hi = ^hl i i = l ... r (4 3) 
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Proof of Theorem \4.6] For the bihamiltonian structure Bk t i, the functions 77* 
read 

1 P'(Xi) 



'li. 



2(1 - k) 2 A 



2 \2l-k-2 ' 



For i ^ j we have 



Note that 



so we obtain 



dr j u = d>^drh L X )- l+k \ 2 - 2l+k dP'jXj) 
dui dui d\i 2(1 - fc) 3 d\j ' 

P'(Ai) = n(Ai-A fc ). 



Thus the derivative reads 



„ \l-l+k \2-2l+k 

If the leading term of Bj-.i comes from a Frobcnius manifold, the equation 
(|4.3|) must hold true, which implies 

a, 1 -' n - Afc ) = A i _i n - Afe )- ( 4 - 4 ) 



When r > 3, the equation (|4.4p can not be true, since the left hand side 
depends on Aj while the right hand side does not. When r = 2, the equation 
(|4.4|) becomes 

_ \1-Z 
A 4 - \ j , 

so we have 1 = 1. 

According to the above analysis, we have only the following four cases to 
consider: 

B ,i(r = 1), B lfi (r = 1), B QA (r = 2), B 2A (r = 2). 

It is easy to verify, by using the explicit form of the potentials of the 1-dimensional 
and 2-dimcnsional Frobcnius manifolds given in [TT], that only the -Bo.i's come 
from Frobcnius manifolds. When r — 1, the leading term of B$i corresponds 
to the Frobenius manifold with potential 



12 ' 



v = w . 



When r — 2, the leading term of -Bo,i corresponds to the Frobcnius manifold 
with potential 

F = - y -^— + -(v 2 ) 2 logv 2 , 
where v 1 , i> 2 are flat coordinates of the metric go given by 

v l = w\ v 2 =w° -^(w 1 ) 2 . 
The theorem is proved. □ 
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4.3 The central invariants of the bihamiltonian structures 

Let (Pi, P 2 ) be a bihamiltonian structure of the form 



Pi = Pi + ( 2 Qi + ■■■ , P 2 = P 2 + e 2 



!2 



and assume that its leading term (Pi,P 2 ) is a semisimplc bihamiltonian struc- 
ture of hydrodynamic type. Let f 1 be the diagonal components of the metric 
<7i in the canonical coordinates, Q" be the diagonal components of the coeffi- 
cient matrix of the third order differential operator d% of Q a in the canonical 
coordinates, where £=!,••• , r and a = 1, 2. Define the functions 



/ \ Q2 U i Q" ■ 1 



They are called the central invariants of the bihamiltonian structure (Pi, P 2 ) . 

The notion of central invariants were introduced in |15[ 129] for semisimplc 
bihamiltonian structures. Together with the leading terms, they give a complete 
set of invariants of a semisimplc bihamiltonian structure under the Miura-type 
transformations. 

Theorem 4.8 Q15J) Two bihamiltonian structures with a given semisimple bi- 
hamiltonian structure of hydrodynamic type as their leading terms are equiva- 
lent, under the coordinate transformations of the following type ( which are called 
Miura type transformations) 

w i = w i +F\ where F l e A, and F l \ e=Q = 0, (4.5) 

if and only if their central invariants coincide. 

The central invariants of the bihamiltonian structures Bk t i were considered 
in [T5], where explicit formulae (see (|4.6p below) to compute these invariants 
were given. We now give a proof of the formulae. 

Theorem 4.9 Let V = (oq, 01, • • • , a r ) £ (R r+1 ) x . Define a polynomial 

p(\) = a + aiA + • • • + a r X r . 

Let Bk,i be a bihamiltonian structure of the r-KdV-CH hierarchy associated to 
V ' , then the central invariants of Bk t i are given by the following formulae: 



= .Vw-! , » = 1, (4.6) 



24(fc - l)\ 

Here Uj , are defined in Subsection \4-l\ 

Proof We write the Hamiltonian structure P m as 

P m = P^+e 2 {Q m dl + ---)+0{e A ), 

where the dots represent terms with lower order in d x . The components of the 
tensor Q m in the coordinates w°, ■ ■ ■ , w r ~ 1 read 

Qm( w ) = -^/>>+j+l-m. 
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So the components of the tensor Q m in the coordinates Ai, • • • , A r have the 
expressions 

L dXi M dXj 



1 1 t dX 

QmM = ~2^< d^kf™ CLk + l + 1 - m Q w l 



k,l=0 



2P'{X t )P'(X 



Erkl \k\l 
Jm a k+l+l-m\ 



11 k,l=0 



We take i = j, then 



1 

*\r\Xi)) kl=0 



2(P'(A,)) 2 



2(P'(A,)) 2 



m — 1 r — 1 

i k,l—0 k,l—m 

/ m—1 r \ 

\h=0 h=m+l ) 

1 r_1 

= o V(m-/i)a /l A? +m - 1 

2(P'(X t )) 2 to 
_ A"V(A t ) - TOA"~ 1 p(Aj) 
2(F'(A l )) 2 

So the diagonal components of Q rn in the canonical coordinates ui = X l ~ k read 

Qlin) = Q«(A). 



Then one can obtain the central invariants (|4.6|) by a simple computation. □ 
According to Theorem 14. 81 the above theorem shows that the bihamiltonian 
structures Bk t i associated to different V's are not equivalent under Miura type 
transformations. In particular, there do not exist Miura type transformations 
that convert the CH hierarchy to the KdV hierarchy. 



5 Reciprocal transformations 

5.1 The reciprocal transformation of the r-KdV-CH hier- 
archy 

We now start to consider a class of transformations of the r-KdV-CH hierarchy 
which, unlike the Miura-type transformations (|4.5p . also involve the independent 
variable. 

Lemma 5.1 Let w ,w ,w r ~ 1 be a solution to the r-KdV-CH hierarchy, 
then the following one-form 

a = — f dx + bn dt n - c -ndt n J (5.1) 

C ° V n>0 n<0 / 
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is closed. Here b n ,c n are defined in (|2.7p , (|2.17p . 
Proof In the equation (|2.20p . let A = 0, we obtain 



-S— ( — J = S- (a n ) , where a r , 
ot n \ c / as 



Co ' 



n > 0, 
n < 0. 



By using the above equation the lemma can be proved in a way that is similar 

□ 



(5.2) 
(5.3) 



to the one given in the proof of Lemma [ 

The above lemma shows that for any given solution w ^ 1 ,- 
can define a set of new coordinates (y, {s n } n< £%) 

dy = dsQ = a = ctodx + a n dt ni 

n=£0 

ds n = dt- n , n 7^ 0, neZ 
which is called the reciprocal transformation of the r-KdV-CH hierarchy. 



Proposition 5.2 Let iv ,!!) 1 , ■ ■ ■ ,w r 1 be a solution to the r-KdV-CH hierar- 
chy, and <j) be a solution to the Lax pair of the r-KdV-CH hierarchy 

1 



Afa fan 



B„ 



-Br, 



n e Z. 



We define 



A = CqA - — (2c c QtXX - c x ) , 



B,, 



- a_„, n ^ 
1, n = 0, 



then <p, A, B satisfy 



€ (j)yy = Afa fa. 



B 



fy —Bn^ytfi, n £ Z. 



(5.4) 



Proof The reciprocal transformation (|5.2|) . (|5.3p implies 

d y = d Sa = c d x , d Sn = d t _ n - c a_„ d Xl n ^ 0. 

The proposition is proved by a straightforward computation. □ 
The reciprocal transformation is invertible, i.e. we can obtain a; as a function 
of (y, {snjnez) from the total differential equation 

dx = Cody + Ck dsk — b-fc dsk, dt n = ds_„, n ^ 0, neZ. 



fe>0 



fc<0 



Corollary 5.3 Let w l (x,t) (i = 0, • • • , r — 1) be a solution to the r-KdV-CH 
hierarchy associated to (ao, cti, • ■ ■ , a r ). We define 



v r - l {y,s) 



—ai [2 cq co tXX 



, a r 



ai, 



xi—>x(y,s) 



then the functions v°(y, s), ■ ■ ■ , v r (y, s) give a solution to the r-KdV-CH hi- 
erarchy associated to V 1 = {ao, Si, • ■ ■ , a r }. 
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Proof The function Co satisfies 

CqW - — a (2coc ,xx - c x ) = 1, (5.5) 
so we have i> r = 1, then the above proposition implies 
~ v" +v 1 \ + --- + v r - 1 X r - 1 + X r 



5o + ai A + • • • + a,._i A'' 1 + a r X r 



where A = 1/A. 



From this A we can construct the generating function b, c by using the equa- 
tion (|2.7[) and (|2.17p . By straightforward computation, one can obtain 

b=-,c=-, (5.6) 
CO c 

and the Laurent polynomials B n is exactly given by 

[ (A"c)_, n < 0, 

so the corollary is proved. □ 
The above proposition and its corollary show that the reciprocal transfor- 
mation converts the n-th positive flow of the r-KdV-CH hierarchy associated to 
V = (ao, oi, ■ ■ ■ , a r _i, a r ) to the n-th negative flow of the r-KdV-CH hierarchy 
associated to V' = {a r , a r _i, ■ • ■ , a%, ao). 

5.2 Generalized Hamiltonian structures and their recip- 
rocal transformations 

The reciprocal transformation is quite different from the Miura type transfor- 
mations, since it transforms local Hamiltonian structures to nonlocal ones. We 
will study this kind of Hamiltonian structures and their reciprocal transfor- 
mation in detail in a separate publication |30j . In the present subsection, we 
quote some results from [3U], and use them to study the r-KdV-CH hierarchy 
in the next subsection. Our approach to understand the transformation rule 
of a Hamiltonian structure under reciprocal transformations is as follows. We 
first generalize the definition of the space of multi-vectors and the Schouten- 
Nijcnhuis bracket on the formal loop space of the manifold M, and by using the 
Schouten-Nijcnhuis bracket we can define a class of generalized Hamiltonian 
structures which includes in particular the class of weakly nonlocal Hamilto- 
nian structures of hydrodynamic type associated to conformally flat metrics. 
We proceed to define a class of reciprocal transformations between two spaces 
of generalized multi-vectors, and obtain in a natural way the transformation rule 
of a local Hamiltonian structure under a class of reciprocal transformations. 

We denote by T p = Alt(A p ,A) the linear space of alternative multilinear 
map from A p to A, and let f° = A, fp = when p < 0. 

Theorem 5.4 ([30]) There exists a unique bracket [ , ] : t p x t q -> f p+q ~ 1 
satisfying the following conditions: 

[p,Q] = (-i)«[Q,n (5-8) 

(-l) pk [[P, Q],R] + {-l) qp [[Q, R],P} + (-l) fc9 [[^ P], Q] = 0, (5.9) 
[P,Fi](F 2 ,--- ,F p ) = P{F l ,--- ,F p ), (5.10) 
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for any P e f p , Q e f 9 , R e f fe , F 1} F 2 , ■ ■ ■ ,F p e A. 

Note that r C r, and the Schoutcn-Nijcnhuis bracket defined over T satisfies 
the condition (|5.8[) - (|5.10[) . so it must coincides with the bracket defined in the 
above theorem, so V is a subalgebra of T. 

Definition 5.5 If P € T 2 satisfies [P , P } = 0, then P is called a generalized 
Hamiltonian structure. 

Below, a generalized Hamiltonian structure will also be called a Hamiltonian 
structure. 

Example 5.6 In \20\j . Ferapontov and Pavlov considered the reciprocal trans- 
formation of a system of hydrodynamic type with a local Hamiltonian structure, 
they showed that the transformed system possesses a weakly nonlocal Hamilto- 
nian structure associated to a conformally flat metric U9\/ . 

Let F, G € A be two local functionals. A weakly nonlocal Hamiltonian struc- 
ture associated to a conformally flat metric correspond to an element P of Y 2 
that maps (F, G) to 

where the operator P has the components 

P ij = 9 ij (w)d x + Y i i{w)w h x + Zlurur'U), 1 ,r : < + w^ 1 Z{(w)w k x , 

and satisfies the condition [P,P] = 0. Note that w x j~ and w x ~5§? can be 
expressed as total x-derivative of elements of A, so P is well-defined. In fact, 
for a local functional F = J f dx, we have 




where (see JW^) 

t>0 s>l \ / \ / 

So the action of P can be rewritten as 

mG)=J(^( g -'W, + r'>^H) (H) 

which is an element of T 2 indeed. 

We begin to define a class of reciprocal transformations on the space of 
generalized multi- vectors. 
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The operator d x is a derivation of the algebra A. Let p be an invertible 
element of A, then d y = p~ l d x is also a derivation. We denote 

A x = A/d x A, f£ = Alt(A£,A*), 
Ly = AfdyA, f5 = Alt(A5,A„). 

Since p is invertible, there is an isomorphism from A x to A y 

$o : A x -> A. y , / + <9 X „4 h-> p- 1 / + d^, 

and $o induces a scries of isomorphisms from to 

the action of $ P (P) on Yi , I2, • • • , Y p E A y is defined by 

$ p {P)(Yi,Y 2 , ■ ■ ■ , Y p ) = $ (P ($ 1 Fi, $ 1 Y 2 , ■ ■ ■ , c&o 1 ^)) . 
All these $ p >o are called the reciprocal transformations w.r.t. p. 
Example 5.7 Let X G T 1 , then it defines an evolutionary PDE 

w\ = X\ 

We assume that p is a conserved density of dt, so we can define the following 
reciprocal transformation for the above system: 

dy = pdx + a dt, ds = dt, 

where a € A. After this transformation, the original equation becomes 

wl = X i =X i - aw y . 

Now we take a local functional F = f fdy £ A y , then the action of X on F 
reads 

X(F) = J (X(f) - o-fy) dy = J (X(f) + o y f) dy 

= J (x(f) + ^f \ dy = J p- 1 X(pf)dy = $ 1 (X)(F). 

So we have <f>\(X) = X, i.e. our definition of reciprocal transformation coin- 
cides with the reciprocal transformation of flows. 

Lemma 5.8 ([30]) For any P G fg, Q G f«, we have 

[%(P),$ q (Q)}=$ p+q - 1 ([P,Q]). 

Corollary 5.9 If P E Y x is a Hamiltonian structure, then $2(P) is also a 
Hamiltonian structure. 
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Proof The result follows from the equalities 

[* a (P),* a (P)]=*3([i' ) i'])=0. 

The corollary is proved. □ 
By acting d y on w l repeatedly, we introduce a new system of coordinates 



w x ' s =d s y w l . (5.11) 

J; 4,1 = -w 1 ' 1 . The variational derivative of a local func- 
p 

tional F = J f dy € A y w.r.t. the new coordinates is defined as usual 



For example, we have w 



s>0 

Then one can obtain the following important identity. 
Lemma 5.10 V% 



w/iere 

Example 5.11 We consider the reciprocal transformation of a Hamiltonian 
structure of hydrodynamic type 

P ij = g ll (w)d x +T^(w)w k ;. 

Let p = p(w) be a nowhere vanishing function on M , then we can define a 
series of reciprocal transformation $ p >o w.r.t. p. Let F,G G A y be two local 
functionals, then by using the identity (|5.12[) and the definition of <£>2; we can 
obtain the action of <&2(P) on (F,G) as follow 

(§iW y (G) - W y (F)^X] dy, (5.13) 



where 



fjij — i? a ij f« - -n il r j 

y — p y > 1 k ~ y 1 ik > 



and is £/ie Christoffel symbol of the Levi-Civita connection of the metric 
= {q 10 ) i th e functions Z\ are given by 

Zl = P W k p- l -(V ]P ) (W) 51 

here V is the Levi-Civita connection of (gij) = (<? lJ ) • 

The formula (|5.13|) coincides with Ferapontov and Pavlov's result J1PJ 7 . In 
our case, i* 1 , G can be arbitrary functionals, while in ]19]/ , Ferapontov verified 
this formula for the functionals that are independent of the jet variables. 
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5.3 The reciprocal transformation of the Hamiltonian struc- 
tures of the r-KdV-CH hierarchy 

Wc have shown that the r-KdV-CH hierarchy possesses r + 1 compatible Hamil- 
tonian structures. In fact, it also has two generalized Hamiltonian structures. 
Let R = P r ■ P^_i, and define P r +k = R k P r k = 1,2. The components of 
P r +x, Pr+2 read 

P% 2 = P i+i _ r _i - V i _ 1 V- 1 V j - ViD^V^x +V i V- 1 V r _ 1 V- l V j . 
We need to show that P r +i, P r +2 S T 2 . Note that 

V- 1 = Ud x ^a r dl\ = \d- 1 + 0(d x ), 

where 0(d x ) stands for a differential operator, so we have 

V i V- l V j = —w^d- V> + 0{d x ), 

thus P r +i <G T 2 (see Example EH]) • Similarly, 

V-D^Vr^V-^Vj = : .V • A '0.. : /(•*'• + 0(d x ), 

wherer X 1 are differential polynomials, so we also have P r +2 G T 2 - 

In the subsection l5.11 we proved that there exists a reciprocal transformation 
converting the r-KdV-CH hierarchy associated to V = (ao, a±, ■ ■ ■ , a r _i, a r ) to 
the r-KdV-CH hierarchy associated to V' = (a r ,a r _i, • • • , ai,ao). We denote 
the flows, the Hamiltonians and the Hamiltonian structures of the r-KdV-CH 
hierarchy associated to V 1 by X n , H n and P m respectively. Then by using the 
notations introduced in the last subsection, we have 

$i(X„)=!_„, n^O. 

By using the definition of H n , H n and the equation (|5.6[) . we obtain 

M H n) = -H-n-2, U + 

Now let us consider the following identity which is proved in Theorem 13.111 

X n = [P rn , i?„- m ], m = 0, • • • , r, n < 0. 

Since the reciprocal transformation preserves the Schoutcn-Nijcnhuis bracket, 
we have 

X n = [$ 2 (-Pm), -Hn+m-2], n > 0. 

On the other hand, we know by Theorem 13.111 that 

X n = [-Pr-m+2, -fln+m-2], rn = 2, • ■ • , r + 2, n > 0. 

So from the above two expressions of X n we can formulate the following con- 
jecture: 
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Conjecture 5.12 For m = 0, 1, • • • , r + 1, r + 2, we have 

*&2{Pm) = —Pr+2-m- 

This conjecture and Corollary 15.91 imply the following corollary: 
Corollary 5.13 P r -\-i and P r +2 ore Hamiltonian structures. 

It seems us that the trouble in proving the conjecture 15. 121 if it holds true, 
lies in the fact that the reciprocal transformation is defined in terms of Co which 
does not have an explicit expression. In this paper, we only prove the coincidence 
of the leading terms of &2(Pm) and — P r+ 2-m- 

The leading terms Pm of P m (m = 0, 1, • • • , r + 1, r + 2) read 

(P£ ] f = f% {2w i+ i +1 - m d x + i4 +i+1 " m ) , (m = 0, 1, ■ • ■ , r - l,r), 
{Pfl^ = 2 (w i+j ~ r - mV) 9. + (w i+j - r - w l w i) x + ^ J) / „■). 

{pfl 2 r = 2 u^d x + u % j - v^wi - wia-^, 

where 

U ij =w i+j - r - 1 - w i ~ 1 w j - wV" 1 + w r - 1 w l w\ 

2 2 4 

Theorem 5.14 For m = 0, 1, • • • , r + 1, r + 2, we have 



Mr®) = -H%- m - 

Proof We give here the proof of the theorem for the case when m = 0, the 
proof for the other cases are similar. In the dispcrsionless case, the function p 
is given by 

p = — = Vufl, 

CO 

so the formula (|5.13jl implies 

-<P 2 (P^(w) = 2w° w l+J - 1 d y + {w <: ' w t+] - 1 ) y + Z l d- 1 w j y +w l y dy 1 Z : > , (5.14) 
where 

w 1 wl w l+1 v£. 
y« y i v y 



4w° 2w° 2 

Here since we are considering the dispersionless limit, we do not need to use the 
notation w' l,s = dyW 1 to distinguish it from w 1,s . 

The formula (|5.14[) gives the components of $2(^0°') under the coordinates 
id*. To prove the theorem, we need to transform the components to the coordi- 
nates V T ~ 1 = xtt, SO 

where 

dv' 1 w r ~ l 

ow K w v [w^y 

Then the theorem is proved by a straightforward computation. □ 
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6 Conclusion 



In this paper, we associate to any set V = (ao,a\,--- ,a r ) G (R r+1 ) x an in- 
tcgrable hierarchy called the r-KdV-CH hierarchy We first clarify its multi- 
Hamiltonian structures, propose a definition of its r function, prove the semisim- 
plicity of the associated bihamiltonian structures and the formulae for their 
central invariants, and specify the bihamiltonian structures that are related to 
Frobenius manifolds. We then introduce the space of generalized multi- vectors 
on the formal loop space of the manifold M, define the Schouten-Nijenhuis 
bracket on this space and a class of reciprocal transformations on this space. 
In this way, we define a class of generalized Hamiltonian structures, including 
the weakly nonlocal Hamiltonian structures of hydrodynamic type associated to 
conformally flat metrics on M. By using the notion of generalized Hamiltonian 
structures, we give in a natural way the transformation formulae of the Hamil- 
tonian structures of the r-KdV-CH hierarchy under certain reciprocal transfor- 
mation of the hierarchy, and prove the formulae at the level of its dispcrsionless 
limit. 

The problem of how to find solutions to the r-KdV-CH hierarchy is still open 
for a general parameter set V . When V = (1,0) and V = (1,0,0), the asso- 
ciated hierarchies are the well known KdV and AKNS hierarchy respectively, 
the methods of solving these hierarchies of evolutionary PDEs are well studied. 
Note that these two hierarchies are also the only particular cases among the 
general r-KdV-CH hierarchies that possess bihamiltonian structures of topolog- 
ical typ(0. So we may imagine that the rich properties of these two intcgrablc 
hierarchies are due to their close relations to topological field theory. This fact 
may also give an explanation on why some well known solving methods suit- 
able for these two hierarchies can not be applied to the r-KdV-CH hierarchy 
associated to a general parameter set. 

When V = (0, 1) and V = (0,0, 1), we obtain the CH and 2-CH hierarchy 
respectively. We can find solutions of these two hierarchies via certain reciprocal 
transformations, since they are transformed to the KdV and the AKNS hierarchy 
after such transformations @[2U HE] ■ However, we do not know how to find exact 
solutions for the general r-KdV-CH hierarchy. 

We can regard the r-KdV-CH hierarchy as an energy dependent generaliza- 
tion of the KdV hierarchy. It is naturally to ask: Whether one can perform 
similar generalizations to other integrable hierarchies that possess Lax pair rep- 
resentations! For example, the x-part of the Lax pair for the Gclfand-Dickcy 
hierarchy reads 

+ Un-td^ 1 + ■■■ + Uxd x + (« - A)) = 0, 

if we replace it by 

r \ n—1 / r \ \ 

5> a* + E E ) d * W = °> 

i=0 / k=0 \i=0 / / 

where cij's are constants, can we obtain some interesting integrable systems? 
Moreover, note that the Gelfand-Dickey hierarchy is the Drinfeld-Sokolov hi- 
erarchy associated to the affine Lie algebra A% and the fixed vertex cq of the 

2 We say a semisimple bihamiltonian is of topological type, if its leading term is associated 
to a Frobenius manifold, and its central invariants are equal constants. 



(( 
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Dynkin diagram, so can we formulate a similar question for the Drinfcld-Sokolov 
hierarchy associated to general (fl, Cfc)? 

We have the following two examples of such generalization. 

Recently the Degasperis-Procesi equation draws much attentions [7], it has 
the form 

m t + 3mu x + m x u — 0, m = u — u xx . 

Its Lax pair reads 

A 4> xxx - A 4> x + m <f> = 0, 

whose x-part is exactly of the form (|6.1|1 . It is well-known that, after a recipro- 
cal transformation, the Degasperis-Procesi equation is transformed to the first 
negative flow of the Kaup-Kupcrshmidt hierarchy which is the Drinfcld-Sokolov 

(2) 

hierarchy associated to (A 2 , c\). So we can regard the Degasperis-Procesi equa- 
tion as a generalization of the Drinfcld-Sokolov hierarchy associated to the affinc 
Lie algebra A 2 2 ^ and its vertex c\ . 

The second example is the Sawada-Kotera hierarchy [Mj , which is the Drinfeld- 

( 2) 

Sokolov hierarchy associated to (A 2 , Co). There is also a reciprocal transfor- 
mation that transforms the first negative flow of this hierarchy to the Novikov 
equation [2"5] 

m t + 3muu x + m x u 2 = 0, m — u — u xx . 

The Lax pair of the Novikov equation given in [25] is of matrix form, which is 
equivalent to a scalar form similar to (|6.1|) . So the Novikov equation can also be 
viewed as a generalization of the Drinfcld-Sokolov hierarchy associated to the 

(2) 

affinc Lie algebra A 2 and the vertex cq of its associated Dynkin diagram. 

These examples support a positive answer to the above questions, we hope 
to return to them in subsequent publications. 
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